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An example
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and a are fermionic operators.

In the absence of interaction (¢ — 0) the ground state is the

Fermi sea:
kp) =al al ... al |0)

n;, = <]€F‘CALI CALZ“CF> = 9(N — Z) ; Pij = <I€F|CAL@ CAL]“{F> =0

No perturbative calculation can give p;; # 0 starting from
k) !
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However:

the Fermi surface is unstable with respect to an attractive interaction

among the fermions

we can approximate the ground state with the BCS state:
BCS) =] {u +v; af af| |kp)
i
where
uil® + |vil* =1

A non-vanishing order parameter caractherizes this state:

= U v £ 0
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QCD at large density

because of asymptotic freedom interactions among quarks are
weak at large densities

the quarks would fill all the states up to the Fermi level

Is there an attractive interaction among quarks?
e one-gluon exchange
e instanton mediated interaction

Cooper pairs of quarks form and the corresponding order

parameter is non-vanishing: (q q) # 0

there are many degrees of freedom: many possible states can

form




Two flavours (Ny = 2) and three colours (N, = 3)

e Order parameter

<¢m’a wsjﬁ> X O €5 €aB3
e Symmetry breaking pattern:
SU@3)c — SU(2)¢

e 5 gluons acquire mass, 3 gluons remain massless and one of

them mixes with the photon.
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e We use a hamiltonian

The model?

H = Hp + Hint

where Hg is the Dirac hamiltonian

Ho — — / B Py (%) 10 - ¥ thsia ()

and H;,¢ is the interaction hamiltonian

Hint = —K Exi.a8+6 X

/dSZE VY10 (%) Viky (2) 1 gog(@) Yiks(x) + h.c.

aM. Alford, K. Rajagopal and F. Wilczek, Phys.

(1998)

Lett. B422,247
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e ) = quark field

e (i,5,k,l,...) = flavour
e colour («, 3,7,4,...) = colour

e (R, L) = helicity

o Ekl;a6'y5 = €kl (3506’7555 B 50‘5557)




/At low density:
U) = |kp) = | @lin(k) ak;. (k)]0)
aiE
At high density:
U) = G, Gr |kr)

Gr =[] [war(o)+ eaps vaL() al,o(F) alos(—=F)]
aBE

A

[UBR(k) + €as3 vBR (k) bTRla(E) IA)}L%%(—E)]

aﬁg
H [ucr (k) + €aps ver(k) ¢y (k) ¢hos(—F)]
oz,BE

where uar (k) = cosOuar (k) , wvar(k) =sinfar(k) eark)

o
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We minimize the thermodynamic potential
F(0.€) = (W|H — uN|w)
and we obtain the gap equation
— / dk k* F(k)? [0(k — kp) sin20(k)
sin20p (k) + 60(krp — k) sin260c(k)]

where

tan2 04 pc(k) = Fk)> A

y Ok —kr) 1 0O(kr—k)
k—up "k+up p—k

F(k) = form factor

o
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Finite systems?

What happens to the Color Superconductor in a finite
system?

Need to address three problems:

e we are considering ”chunks” of quark matter at large density
(boundary conditions for the quarks)

e the BCS state does not have definite baryon number

baryon number is fixed only on average

e the BCS state is not a color singlet

there is a preferred color direction

ap. Amore, M. Birse, J. McGovern and N. Walet, Phys. Rev.
\\D65:O74005,2002
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Projection over baryon number

The BCS state does not have a fixed baryon number: Npg is fixed
only on average through the chemical potential.

We introduce a “rotated” BCS state (¢ = e'?):
(o)) = e (NN 9wy = (NN )
with the rotated BCS operator
GL(¢) =¢GN
= ] [var(k) + ¢ caps var(k) al,(K) abos(—F)]

oz,BE
H lupr(k) + ¢ €aps vBR(K) bl (K) bhos(—F)]
oz,BE
H lucr(k) + ¢ €aps ver(k) ehyy (k) Ehos(—F)]
oz,BE
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Xpansion

oo

) Z ch operators which have a
= Ck X
—0 baryon number k

Notice that

e c;. depend upon the variational parameters

e different combinations of operators lead to the very same (
dependence (for example, a'al, atatatatvbipt, .. )

Projected BCS state:

d
v, = C, Cnil ()

n is the net number of pairs in the condensate (number of

/

quark pairs minus number of antiquark and hole pairs)

.
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Example: the energy
dg

Cn—i—l

(U |H[T,) = =270 |C,f ((0)| H[¥(C))

Remark : we cannot apply Wick’s theorem directly to calculate the
expectation values of operators in the state |U,,).

Solution: Thouless theorem

() = 5(¢) [%(0))

(2(0)|O [¥(¢)) = (T(0)|0 S(¢)|¥)
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Projection over color
e Color is global in this model

e The 2SC picks a preferred direction in the color space

Solution:

B, = / 19, U, |0,)

o U, € SU(3). and is parametrized by 8 angles
e df), is the volume element of the SU(3). manifold

1

), = 28 sin(¢y) sin(¢}) sin(¢g) sin® (%)

X d¢a dgbb dgbc dgbd dgb; dgb;) dqb/c dqbe




e g SU(3)
6i¢a/2>\3 6i¢b/2>\2 €i¢c/2>\3 €i¢/2>\5 €i¢é/2>\3

o IPh/2A2 LiBL/2Xs ide/2Xs

e The transition operators which act on the 25C" are:

A

) A, -
G = [ddi@) )

e In principle we need to perform a 8 dimensional integral!
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e The transition operators which act on the 25C' are:
Q1238/¥,) = 0

e Operator Qg
. N YOI 1. . .
Qs = d’x (@7%@( T) = 2[N11+N22—2N33}

e Qs is the only operator which acts non-trivially (connects one

of the paired colors to the unpaired one)

dQs = sin® % dsin%




R . P A
~ A~ dQs (Ug|O &b 2 W |
o (Uo|O|Vp) = J 402 ¢ Lo

. A
[ d9s (wole® Z 5 |w)

e color singlet state
I ~ dg i/2 Qs
(Wo) = Cy ? dfls e W (¢))

— G 75 % / 05 G1(C,6) Gr(C,d)lkr)

e color/number "rotated” operators

A

Gr(¢,0) = Uy Gr(¢) U}

e Thouless theorem

. ¢
(35

QU |W(()) = W(C, ) |¥)

€




/
O) =2 |C* [dos ¢ (WO W)W

For example...

<‘I’n|Hmt|‘I’n>——— E E F2(k)F? (k")
Qdp,

kK
0

X {G(kF — k)0(kp — k') sin? sin 20 (k) sin 20 (k') Ty (00 (K), 0 (k')

9 0

+  20(kp — k) cos ! sin 20 (k) sin20g (k') Ty, (0c(k), 05 (k"))

9 0

+ 20(kp — k)0(k' — kp) cos sin 20 (k) sin20 4 (k') Te,n(0c (k), 04 (k"))

9 0

+ sin

L sin 205 (k) sin 205 (k') Ty (05 (k), 05 (k')

0
+ 20(k’ — kp)sin?

! sin20 g (k) sin20 4 (k') Te,n (05 (k), 04 (k"))

5 0

+ 6(k — kp)o(k’ — kp)sin ! sin 20 4 (k) sin 20 4 (k') Ja,n(OA(k),GA(k:/))}
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CONCLUSIONS

We have used a phenomenological model with quarks, in the
presence of 2 flavours, to study finite size effect on the color

superconducting state

The 25C' is projected exactly over color and baryon
number

The finite size effects turn out to be important for small
systems (e.g. L =~ 3 fm)

We get large contributions from baryon number and color
projection in this regime

We are currently extending this calculation to study the 25C
condensate in presence of spontaneous chiral symmetry
breaking
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